A multipartite or c-partite tournament is an orientation of a complete c-partite graph. Lu and Guo (submitted for publication) [3] recently introduced strong quasi-Hamiltonianconnectivity of a multipartite tournament D as follows: For any two distinct vertices x and y of D, there is a path with at least one vertex from each partite set of D from x to y and from y to x. We obtain the definition for weak quasi-Hamiltonian-connectivity, where only one of those paths, and weak quasi-Hamiltonian-set-connectivity, where only one such path between every two distinct partite sets has to exist, in a natural way.
Introduction and terminology
A multipartite or c-partite tournament is an orientation of a complete c-partite graph. A tournament is a c-partite tournament with exactly c vertices. Let D be a c-partite tournament. We denote by V (D) and A(D) the vertex set and arc set of D, respectively. If xy ∈ A(D), we sometimes use the notation x → y to denote this arc. Let X and Y be two disjoint subsets of V (D). We use X ⇒ Y to denote that there is no arc from Y to X in D.
Let X be a subset of V (D) Whenever there are different possibilities to generalize, it is interesting to consider which one is the more natural choice, where more or hopefully all results can be generalized in the same way. If, in this case, we take the latter theorem as motivation to define a generalized length of a path or cycle in a multipartite tournament as the number of vertices from different partite sets it contains, as Lu and Guo did in [3] , we get the following definitions: A quasi-(k − 1)-path (quasik-cycle, respectively) in a multipartite tournament is a path (cycle, respectively) which contains vertices from exactly k different partite sets. A quasi-Hamiltonian-cycle in a c-partite tournament is a quasi-c-cycle and a quasi-Hamiltonian-path is a quasi-(c − 1)-path.
Two distinct vertices x and y in a multipartite tournament D are called strongly (weakly, respectively) quasi-Hamiltonianconnected, if there exists an (x, y)-and (or, respectively) a (y, x)-quasi-Hamiltonian-path in D. A multipartite tournament D is called strongly (weakly, respectively) quasi-Hamiltonian-connected, if any two distinct vertices x, y ∈ V (D) are strongly (weakly, respectively) quasi-Hamiltonian-connected. Note that for tournaments all these quasi definitions are equivalent to their common counterparts.
For the concept of strong quasi-Hamiltonian connectivity in multipartite tournaments, Lu and Guo showed the following:
Theorem 1.4 ([3]). Every strongly 4-connected multipartite tournament is strongly quasi-Hamiltonian connected.
Which is a generalization of a well known result by Thomassen: Theorem 1.5 ([6] ). Every strongly 4-connected tournament is strongly Hamiltonian connected.
In the following, we will consider weakly quasi-Hamiltonian-connected multipartite tournaments. Note at first, the multipartite tournament in Fig. 2 is strong but not weakly quasi-Hamiltonian-connected.
Thomassen characterized weakly Hamiltonian-connected tournaments in the following theorem:
Theorem 1.6 ([6]). A tournament T with at least three vertices is weakly Hamiltonian-connected, if and only if it satisfies
(1), (2) and (3) below.
(1) T is strong. When trying to find a generalization of this theorem, we notice that, with the above definition of weak quasiHamiltonian-connectivity, there are a multitude of exceptions, which would make an end result less appealing. Therefore, we will adjust our definition once more to the following. A multipartite tournament D is called weakly quasi-Hamiltonianset-connected, if any two distinct partite sets V i , V j contain vertices x ∈ V i , y ∈ V j which are weakly quasi-Hamiltonianconnected.
For convenience we will use the following notation. For a multipartite tournament D we say D {x,y} ∼ = T 
Preliminaries
To prove our main result, we give some lemmata for multipartite tournaments. We begin with an obvious one. 
In this situation, we define dc : (v) , assigning each vertex the index of its decomposition set. 
Lemma 2.4 ([3]). Let D be a connected, non-strong c-partite tournament with partite sets V
1 , . . . , V c . Let X 1 , . . . , X r be the unique decomposition of V (D) defined in Lemma 2.3. Then for any x a ∈ X 1 and any x b ∈ X r , there is an (x a , x b )-quasi- Hamiltonian-path in D. Corollary 2.5. Let D be a connected, non-strong multipartite tournament. Let X 1 , . . . , X r , dc : V (D) → {1, . . . , r} be the unique decomposition of V (D) defined in Lemma 2.3 and x a , x b ∈ V (D) two distinct vertices with dc(x a ) ≤ dc(x b ). (i) If dc(x a ) < dc(x b ), there is an (x a , x b )-quasi-Hamiltonian-path in D[  dc(x b ) l=dc(x a ) X l ]. (ii) For j ≤ dc(x b ) there is a quasi-Hamiltonian-path in D[  dc(x b ) l=j X l ] from a vertex in X j to x b . (iii) For j ≥ dc(x a ) there is a quasi-Hamiltonian-path in D[  j l=dc(x a ) X l ] from x a to a vertex in X j .
Proof. By Lemma 2.4, we just need to consider the case
j = dc(x b ). If X dc(x b ) ⊆ V p(x b ) , then x b is a quasi-Hamiltonian-path in D[  dc(x b ) l=j X l ] from a vertex in X j to x b . If D[X dc(x b ) ] is strong, there is a quasi-Hamiltonian-cycle C = v 1 . . . v k x b v 1 in D[X dc(x b ) ] containing x b by Corollary 2.2. Then v 1 . . . v k x b is a quasi-Hamiltonian-path in D[  dc(x b ) l=j X l ] from a vertex in X j to x b .
Lemma 2.6 ([3]
. Then x 1 and x 2 are weakly quasi-Hamiltonian-connected.
Proof. We only consider the case that N
By the choice of s and t, we have
Since D is strong, there exists a path P with minimal length from {v 1 , . . . ,
By the choice of t and {x 1 , x 2 } ⇒ v t , we have (w 1 , w 2 )-paths P depending on w 1 and w 2 . Let 
Since D is strong and has at least two partite sets, there is an arc between two of the vertices, w.l.o.g. x 1 → x 2 , and an
By Lemma 2.8, x i and x j are weakly quasi-Hamiltonian-connected.
As an immediate consequence, we have the following result. 
Corollary 2.10 ([6]). For any three vertices of a strong tournament, there is a Hamiltonian path connecting two of them.

Main results
Let
Proof. If condition (1) or (2) holds, it is easy to see that V i and V j are not weakly quasi-Hamiltonian-connected.
So let us now assume that V i and V j are not weakly quasi-Hamiltonian-connected and show that one of the conditions above holds.
Firstly, we consider the case that D is non-strong. Let X 1 , . . . , X r , dc : V (D) → {1, . . . , r} be the unique decomposition of V (D) defined in Lemma 2.3 and dc
obviously. Now we consider the case |{dc
Then V i and V j are weakly quasi-Hamiltonian-connected by Corollary 2.5, a contradiction. Thus, (1.1) holds. Now we suppose D is strong. We will complete the proof by considering the following three cases.
In this case, (2.1) holds obviously. A direct consequence of Theorem 3.1 is the following theorem, which characterizes weakly quasi-Hamiltonian-setconnected multipartite tournaments. (1.1) For all i ̸ = j, k ∈ {1, . . . , c}, we have ( 
